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1. Small Instantons, D-branes and del Pezzo surfaces 

It was once thought that the low energy limit of a string theory was necessarily a 
field theory. This may turn out to be true, but a number of examples have emerged from 
recent developments in string theory, for which it is unclear whether a conventional field 
theory description exists. Whether it does or not, string theory sheds new light on these 
phenomena. 

An interesting example is the world-volume theory of a small Es instanton. In ten 
dimensions, this is a six-dimensional theory, apparently involving a self-dual tensor mul- 
tiplet and 'tensionless strings.' In lower dimensions, Eg symmetry can be broken, and 
generalizations to E n instantons (for n < 8) appear. These theories have been studied 
from various viewpoints |T|J|,||,§,|],||,0| . 

Recently Seiberg has explained a number of features of the E n gauge theories in nine 
dimensional compactification of type I' theory, as properties of the five-dimensional gauge 
theory of the D4-brane in type I' theory 0. The main aim of this note is to explain the 
observations there in the framework of Q. 

We understand that related results have been obtained and will appear in 0. 

1.1. Six dimensions 

We start with the M-theory description of small Es instantons 0. Consider the M- 
theory realization of Eg x Eg heterotic strings as compactifications of M-theory on an 
interval (identified with S /Z2) [[10]] • Each Es lives on a 9-brane at the boundary of the 
interval. M-theory has a 5-brane, whose world-volume carries a self-dual tensor multiplet 
of chiral N = 2 six-dimensional supersymmetry. When we bring it near the 9-brane, 
additional degrees of freedom come down, which respect N = 1 supersymmetry. In the 
limit that it sits at the boundary, it can be identified with an Es instanton of zero size. A 
new branch of its moduli space appears, on which it remains on the boundary and fattens 
up to an E$ instanton of finite size. By analogy with ordinary gauge theory, the branch 
where the five-brane is away from the boundary is a Coulomb branch, with unbroken tensor 
gauge symmetry. The honest instanton is the five-brane on its Higgs branch, in which the 
tensor is no longer massless. Instead, there are 29 new hypermultiplets describing the 
moduli of an Es instanton. 

The same process has an realization in F-theory compactified on a CY 3-fold @ [[J • 
We consider a point on the CY moduli space where a special 4-cycle shrinks to a point. 
This 4-cycle is a 2 complex dimensional manifold B n known as an E n del Pezzo surface^ 

1 As we will note later, the root lattice of E n arises geometrically if n > 3. In addition, P 1 x P 1 
is also a del Pezzo surface. 
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- we will describe this in more detail below, but it is just P 2 blown up at n < 8 points. It 
was conjectured in 0] that these correspond to small E n instantons. 

The transition is described in detail in Q where it was shown that in the context of 
F-theory the natural starting point is Bg, P 2 blown up at 9 points (the 9-th point being 
determined by the condition that all points lie on the intersection of two cubics in P 2 ). If 
we have a B& shrinking to a point then we have to get rid of 9 — k 2-cycles first. This can 
be done by flops, where one shrinks P 1 in the del Pezzo to zero size and one grows another 
P 1 in the CY 3-fold which does not lie on the del Pezzo, going from B& to B^-i- 

In the context of F-theory, one is looking at elliptically fibered CY 3-folds with zero 



size fiber |Tl|]. In this limit, all the B& transitions get mapped to the Bs transition, and 
moreover the one flop needed to go from Bg to Bg gets identified with the transition point 
itself. 



1.2. Five dimensions 

Now we compactify an additional circle. M-theory reduces to type la string theory, 
now compactified on the S 1 /Z2 orientifold, with 16 D8-branes |T^,|13|- This is usually 
referred to as type I' theory as it is T-dual to type I string theory on 5 1 . The SO (32) 
Wilson lines on this circle translate directly into the positions of the D8-branes, and the 
vacuum with unbroken SO (32) has all 16 D8-branes at a single boundary. 

The configuration with Eg x E% gauge symmetry has 7 D8-branes at each boundary, 
and another D8-brane at a distance <po from each boundary. The total length of the interval 
we identify with type I' radius R. The inverse coupling constant at distance </> > from 
the boundary behaves as 1/g 2 — (j> for <fi < <po. For <fi > tfio, the coupling stops running and 
is given by 1/g 2 = <po until it reaches the D8-brane at R — (po- 

To make contact with M-theory, note that in the strong coupling limit g — > oo we 
have </>o — > 0, and the one D8-brane meets the 7 D8-branes on the boundary. We can view 
the finite coupling configuration as a 'quantum splitting' of the 9-brane of M-theory. 

The compactification reduces the 5-brane to the D4-brane of the type I' string. This 
is the T-dual of the D5-brane of type I string theory, and as such has an Sp(l) = SU(2) 
world- volume gauge theory. Its distance from the boundary </> is the T-dual of an Sp(l) 
Wilson line, and thus </> 7^ breaks the Sp(l) to U(l). Thus the Coulomb branch of the 
small instanton theory is the conventional Coulomb branch of the D4-brane [Q. 

Now, as the D4-brane moves towards the boundary, it will first hit the D8-brane which 
splits from the boundary. At this point, an open string stretched between the 4-brane and 
the D8-brane becomes massless. This is the first new physics visible in the compactification 
to five dimensions. 



2 



Is this in accord with the F-theory description? This case has been analyzed in some 
detail in |||| . The compactification of F-theory on a circle of radius R, using the duality 
chain in ||11|| , is equivalent to M-theory on the same elliptically fibered CY 3-fold, but with 
an elliptic fiber of size 1/R. Now, the Eg del Pezzo transition as described above is a two 
step procedure, where we first undergo a flop from Bg to B§, and then shrink B§ to zero 
size. At the first flop, the mass of the hypermultiplet obtained by wrapping the M-theory 
membrane around the S 2 vanishes fl3j. 

The two descriptions are in perfect accord! In fact, this is a particular case of the equiv- 
alence (using T/S dualities) of the two descriptions of massless hypermultiplets, wrapped 
D-branes and open string stretched between D-branes, found in |JI4] , |15|| . 

This can also be extended to transitions involving higher del Pezzos. If we split off 
extra D8-branes from the boundary, then as the position of the D4-brane passes through 
each one, it corresponds to a flop in the Calabi-Yau. Let < <pi for i = 1, k — 1 denote 
the position of k — 1 D8-branes, ordered so that fa < <pj for i < j. 

Then the gauge coupling of the 4-brane can be derived either from the dilaton back- 



ground produced by the 8-branes [T^], or from the quantum dynamics of the 4-brane field 
theory ||. The latter description adds to the bare coupling the one loop gauge coupling 
renormalization produced by the SU (2) gauge multiplet and by SU (2) doublet hypermul- 
tiplet matter from strings stretched between D4-brane and the D8-branes. These have 
masses |</>± fa\ : and in five-dimensional gauge theory each will produce a linear correction 
to the gauge coupling. The result is 

q — o" ~t~ 80 4> < 4>1 

= \ + 80i + 7(0-0i) fa < <j) < fa 
9o 



XI) 



j k-l 

= — + 80i + V(9 - n)(0 n - n _i) + (9-k)(<j>- <j>k-i) 0fe-i < <t> 

9 o n =2 

where \ is the coupling at the boundary. The fa are identified with the masses for the 
k — 1 doublets of SU{2). The limit of enhanced E^ symmetry is -t-|^=o = and fa = 
for i = 0, k — 1. In other words the zero size E^ instanton would correspond to SU(2) 
at infinite coupling coupled to k — 1 massless doublets. 

We would like to see this detailed description of the gauge theory in the del Pezzo set 
up. In order to do this we will discuss some mathematical facts about the del Pezzos in 
the next section. The main result is that P 2 blown up at k points can be represented as a 
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fibration over P 1 with the fibers being generically P 1 and where at k — 1 points over P 1 
we have two P^s intersecting at one point; in other words over k — 1 points we will have 
the geometry of a resolved A 2 singularity. We will show these facts in the next section, 
and then use them to recover the gauge theory description given above. 

2. del Pezzos as fibered spaces over P 1 

Recall that B& del Pezzo corresponds to P 2 blown up at k points. For the case of 
k = 1 there are two del Pezzos, one corresponding to P 2 blown up at 1 point which we 
denote by Bi and the other corresponding to P 1 x P 1 . We show that for k > 1 this space 
can be given a description in terms of a fiber space over P 1 . 

The construction we will give can be described iteratively. We will start with Bi which 
is obtained by blowing up a point p of P 2 . This is the Hirzebruch surface Fi which is well 
known to admit a P 1 fibration description. This fibration can be described concretely as 
follows: We pick a line £ C P 2 (recall the algebraic geometry terminology: a line is the 
same as a P 1 ) not containing p. The fibration 7T : Fx -> £ ~ P 1 is defined by sending 
q G Fi to the point of intersection of the line pq with £. The fibers of 7r are identified with 
the lines of P 2 passing through the p. Note that this is well defined, even when q lies on 
the exceptional divisor of the blown up point p. This is precisely because we have blown 
up the point p which basically means we have replaced it by a sphere worth of points. This 
can also be thought of as the point p together with a tangent vector at p. The tangent 
vector can be used to define the line corresponding to the fiber which again intersects the 
base £ at some point. Thus we have described B 1 as a space whose base is P 1 and whose 
fiber is also P 1 . 

We can easily generalize this to B&. Now pick k points pi, . . . , pk and blow up all these 
points. We apply the above construction with p = p\. The only new thing to consider 
is what happens when q lies on the points pi. Clearly this gets mapped to the point on 
£ where the line p\pi intersects it. Let us call it qi. However if the point q lies on the 
exceptional divisor of the blowup pi that will also map to the intersection point of p\Pi 
with £ which is (/;. Thus the fiber above qi consists of two P^s, one corresponding to the 
line piPi and the other coresponding to the exceptional divisor of the blowup at pi. Note 
that these two P^s intersect at one point. Generically qi are distinct points on the base. 
Thus what we have shown is that B^ can be viewed as a fiber space over P 1 where the 
generic fiber is P 1 , but over k — 1 points the fiber has two P^s intersecting at a point, i.e. 
the geometry of a resolved A 2 singularity. 

It is important for the application we have in mind to describe the Kahler classes 
explicitly. The dimension of if 1 ' 1 (B fc ) is k + 1. It is convenient to characterize the dual 
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cycles as follows. Let us denote the class of the base of the above fibration by [B] and the 
class for the generic fiber by [Ai\. Over the qi exceptional points on the base we have A<i 
resolved singularity which has two classes associated with it for each of the blow up modes 
for the P^s. Let us denote these two classes by [A^ 1 ] and [Ag 2 ]. These classes are not 
independent of [Ai\. In fact for each % we have 

[A x \ = + [Af] (2.1) 



To see this note that in the neighborhood of each we have a breaking of A^ to A\ |T^] : 
577(3) — > SU{2) x £7(1). If we identify the two simple roots of 577(3) by e%,e2, then the 
simple root of SU (2) can be identified with e\ + which gives the relation above. Thus 
from two P^s over each q^ we get only one new class which we will define as 

[AH = [4 1 ] - [A?) (2.2) 

We have thus given a basis for the 772 (B&) consisting of one class of base [B] one class of the 
generic fiber [Ax] and k — 1 classes [A^] of the difference of fiber P^s over q^. Let uj denote 
the Kahler form on the Calabi-Yau pulled back to the del Pezzo. We can parametrize the 
Kahler class by k + 1 real numbers which we denote by 

<f> = u{[A 1 ]), fa=u{[A\]) k B =u{[B]) (2.3) 

With no loss of generality we can take fa to be postive (if necessary by redefining the order 
of the difference of the classes). 

Note that fa < <p. This is because wQAJ,' 1 ]) and w(L4 2 ' 2 ] are positive numbers whose 
sum is <p an d difference (in absolute value) is (pi. Moreover precisely when fa = (p one of 
the P^s [A 1 ^ 2 ] has shrunk to zero size. At this point the fiber over is a single P 1 . That 
is a point in moduli where we can do a flop in the Calabi-Yau where after shrinking this P 1 
another P 1 in the Calabi-Yau, not contained in the del Pezzo grows. We continue to call 
the corresponding Kahler class in the Calabi-Yaui by (pi even for fa > (p. In this process 
the del Pezzo has been replaced by Bfc_i. As will be described in more detail in the 
next subsection, in doing a flop at each stage we have two choices which are equivalent 
except when we get to B2. At this point the two choices for the flop lead to the two 
different del Pezzos P 1 x P 1 and Bi. Beyond this point only Bi can undergo a further 
flop to P 2 . We cannot do a further flop on P 1 x P 1 . 



2 Here we are assuming all the classes in the del Pezzo will be realized non-trivially in the 
Calabi-Yau. Otherwise there will be some restrictions on the values of the (pi,(p,kB- 
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2.1. More Mathematical Facts about del Pezzos 

It would be interesting to see how unique is our choice of describing del Pezzos as 
spaces fibered over P 1 . We will be examining fibrations n : B n — > P 1 whose general 
fiber is P 1 . Such fibrations are characterized completely by the cohomology class of the 
fiber /. The cohomology of B n is well known, and has as a basis the class £ of a line in 
P 2 , and the exceptional divisors E{ of the blown up points. The canonical class of B n is 
Kb„ = — 3£ + Yl Ei, and the first chern class of B n is given by c\ = —K^ n = 3£ — E Ei- 
The characterizing property of del Pezzo surfaces says that c\ is ample, so has positive 
intersection with every effective curve on B n . 

If / is the cohomology class of the fiber of tt, then we have f 2 = 0, and / • c\ = 2 
by the adjunction formula. An example of such a class is / = £ — E\. The fibers of the 
corresponding projection map are lines through the origin as described above. 

We now review the Weyl group W of B n . A root is a cohomology class v with v 2 = —2 
and v • c\ = 0. To each root corresponds a reflection p v on the cohomology 

p v {D) = D + (D ■ v)v. 

Note that (p v (D)) ■ {p v {D')) = D ■ D' and (p v (D)) ■ c x = 0. This implies that each p v 
preserves the orthogonal complement V of c\ , which together with the set of all roots form 
a root system. We let W = W(B n ) be the Weyl group of this root system. Note that W 
acts as a group of isometries of the cohomology of B n . 

We have the following table. 

n roots root system 

1 none none 

2 E{ — Ej A i 
3 < n < 8 generated by{^ -E 3 ,£-E t - Ej - E k } E n 

In the above, the root systems E 3 , K4, E 5 respectively denote A 2 x A 1; A 4 , D 5 . 
Recall that a —1 curve is a curve C with C 2 = — 1 and C • c\ = 1. These curves are 
well known. They are of one of the following types. 





t-Ei- Ej 


n 


> 2 






n 


> 5 




U -2E t - TLifin 


n 


> 7 


4£ 


~~ ^ Efc=l Ei k — Em=l Ej m 
~ 2 Efc=l Ei k — Em=l Ej m 


n 


= 8 


U 


n 


= 8 




U - SEx - 2 ELi E ik 


n 


= 8 
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We now show that any fibration with general fiber P 1 can be brought to this form by 
an application of an element of W. That is, we will show that there exists a w E W such 
that wf = £-E 1 . 

Since the Euler characteristic of B n is n + 3, and P 1 fibrations over P 1 have Euler 
characteristic 4, we see that not all fibers can be P 1 (except in the case n = 1). Since c\ is 
an ample class, we see that if a reducible fiber / splits up into two pieces / = /i + /2, we 
necessarily have fi ■ c\ = 1 for % = 1,2. Since fi must be rational, the adjunction formula 
gives ff = — 1. Also, a fiber cannot be a multiple fiber, since it would necessarily have 
multiplicity 2, / = 2g with g • c\ = 0; but this contradicts the adjunction formula. 

If / = fi + f 2 as above, we have fi ■ f = 0, from which we compute f\ ■ f 2 = 1. So the 
only fibers which are not P 1 s are a pair of intersecting P x s forming an Ai configuration. 
Calculation of the Euler characteristic of B n from this geometry shows that there must be 
Ti — l singular fibers of type A 2 . 

We now classify these fibrations. If n = 1, then it is easy to see from f 2 = and 
/ • ci = 2 that the only such fibration has / = £ — E^. If n = 2, we similarly see that the 
only fibrations have / ' = i — E\ and f = £ — E 2 , and these are permuted by the reflection in 
the root v = E\ — E 2 . If n > 2, then there is a singular fiber consisting of two intersecting 
— 1 curves. It is well known that we can use the Weyl group to bring fi to E 2 . We will 
show that we can then choose an element of the Weyl group which fixes E 2 and brings f 2 
to £ — Ei — E 2 ; this brings / to £ — E\ as claimed. 

From the classification of —1 curves described above, the only ones that meet E 2 once 

are 



£-E 2 -Ei 
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2£-E 2 -J2 E '. 



(n>5), 



U - E 2 - E h ~ 2E . 



(n > 7), 



k=i 



4 



3 



A£-E 2 ~Y J E, 



2j> 



(n = 8), 



k=i 
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5£-E 2 -E i -2j2E ik , (n = 8), 



k=i 



where in each line, any fixed exceptional divisor appears at most once. 
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It is straightforward in each of the cases above to find a series of reflections which 
achieves the desired result. For a class of the first type listed above, we can reflect in the 
root Ex — E{. In fact, each of the classes in the above list can be brought to the form of a 
class listed immediately above it by a simple reflection. 

We thus conclude that the description of the del Pezzos as fiber spaces over P 1 is 
unique up to the action of the Weyl group. 

As an example of the use of the Weyl group, suppose we flop the exceptional curve 
£ — Ei — E2. This replaces B n by B n _i,i and preserves the fibration with fiber I — E\. 
However, due to the blowdown, E\ is no longer an exceptional curve; we have E\ = in 
the blown down surface. To make contact with our standard description of the fibration, 
we choose a root, say v = £ — E\ — E% — E n , which has been chosen so that p v (E n ) = 
£ — Ei — Ei- The exceptional curves E[ = p v (Ei), 1 < i < n — 1 are n — 1 disjoint 
exceptional curves which are disjoint from I — E\ — E2, hence remain exceptional after 
the flop. These n — 1 curves may be identified with exceptional divisors of B„_i. Putting 
I' = p v {£) = 2£ — Ei — E2 — E n , we see that the fibration has fiber £' — E[ = I — Ei, and 
we may continue our analysis through these flop transitions if desired. 



2.2. Generalized del Pezzos 

It is known that it is possible for singular surfaces S to be contained in smooth Calabi- 
Yau threefolds and be contractible to a point. Conditions for these "generalized del Pezzo 



surfaces" are given in [17]. We list a few of these conditions. 



1. S is Gorenstein (roughly speaking, the singularities of S are mild enough so that the 
canonical bundle of the smooth part of S extends across the singularities to a bundle us 
on all of S). 

2. u s is ample. 

3. The reduced, irreducible components of S are surfaces of degree a — 1 or a in P a , and 
in particular are either rational or elliptic ruled surfaces. 

If £ is smooth, then the only possibilities are S = B n (0 < n < 8) or S = P 1 x P 1 . 
Here we give three examples of generalized del Pezzos which are not smooth and illustrate 
the above conditions. 

Example 1. Let C be a plane cubic curve, for example x 3 +y 3 + z 3 = 0. We now view the 
same equation as an equation in P 3 with an extra coordinate w. The resulting surface S 



3 This is only true if n > 3; if n = 2, then we get P 1 x P 1 . 



has a singularity at (1, 0, 0, 0), and iVg is just the restriction of the ample class 0(1) from 
P 3 to S. This is an example of an elliptic ruled surface. 

This S can be put inside a smooth Calabi-Yau. For example, the equation 



x 3 + y 3 + z 3 + f 4 (w, x, y, z) + f 5 (w, x, y,z) = 

is the affine form of the equation of a quintic in P 4 , where fi denotes a general polynomial 
of degree i. It is singular at (1,0,0,0). We blow up the singularity by replacing (x,y,z) 
by (xw,yw, zw) and obtain 

x 3 + y 3 + z 3 + 10/4(1, x, y, z) + w 2 f 5 (l, x, y, z) = 0. 

This is now smooth due to the presence of a linear term from wf^. The exceptional divisor 
is defined by w = 0, and is identified with the surface S just described. 
Example 2. Here we take S C P 3 to be a general cubic hypersurface with an A\ singu- 
larity. Again, uj* s is just the restriction of the ample class 0(1) from P 3 to S. This S can 
be put inside the blowup of a quintic in a similar way, replacing x 3 + y 3 + z 3 above by 
w(xy + z 2 ) + f3(w, x, y, z), with / 3 a general cubic. 

This example is interesting in that it admits a P 1 fibration. One way to see this is 
that it is a degenerate version Bq, of Bq. The 6 points of P 2 to be blown up are chosen 
to lie on a conic C, which therefore is in the class 2£ — Ei on Bq. Then c\ is no longer 
ample since c% ■ C = 0. Since C 2 = —2, shrinking C yields an Ai singularity on a surface 
5. It can be shown that any cubic hypersurface with an A\ singularity is of this form, 
with ci corresponding to the hyperplane class [D3|. 

We need to find a fibration 7r : Bq —>■ P 1 such that the conic C is contained in the 
fiber; this guarantees that after collapsing C to a point, we still have a fibration S —>■ P 1 . 
This can be achieved by taking / = 11 — E\ — Ei — E% — E4 (which arises from reflection 
of our standard fiber by the root v = £ — E 2 — E 3 — E 4 ). From the Weyl group action, 
we might have expected 5 = 6 — 1 fibers of type A<± as before. But something interesting 
happens. We expect A<i fibers to arise by applying the Weyl group to (E$) + {I — E\ — E$) 
and (Eq) + (£ — E\ — Eq). But we have 

Pv(E§) = E 5 

Pv(Eq) = E G 

p v {t-E x -E h ) = 2£-E l -E 2 -E 3 -E±-E 5 = C + E 6 

p v {£-E 1 -E G ) = 2£ - E x - E 2 - E 3 - E 4 - E 6 = C + E 5 

9 



This says that the expected A 2 fibers p v (E 5 ) + p v (C+Eq) and p v (E 6 ) +p v (l—E\ —E 6 ) 
coincide on Bq; they are each C+E^+Eq, an A3. § The curve C lies in the middle of the A3, 
so after contracting, we get an A 2 conisting of E 5 + E G passing through the singular point 
of S. We reach a situation with 4 distinct A2 fibers, one of which having its intersection 
point precisely passing through the singular point of S. 

Example 3. For an example with more than one component, consider S = P 1 x A 2 . 
Here, S has two components Si and S2, each isomorphic to P 1 x P 1 . Each component 
has second cohomology Z 2 , and we write cohomology classes as integers (a, b). A class is 
ample if and only if a > and b > 0. We represent the class of the curve Si fl £2 as (0, 1) 
(in either Si or £2). The ui* s restricts to each Si as the class (2, 1), hence is ample. 

By degenerating P 1 to A 2 , we get a degeneration of P 1 x P 1 to S. No flops would be 
involved in such a transition. 



3. del Pezzo and SU{2) gauge theory 

If we consider type IIA theory or M-theory on K3 near an ADE singularity, it is 
well known that we end up with ADE gauge symmetry in 6 or 7 dimension respectively. 



Moreover it was argued by employing the adiabatic argument [p^p0| , [21| , p2| that even if we 
consider Calabi-Yau 3-fold compactifications down to 4 or 5 dimensions, whenever we have 
a singularity over a surface of ADE type we obtain ADE gauge symmetry with N = 2 
supersymmetry in 4 dimensions or iV = 1 in 5 dimensions. Moreover if the genus of the 
corresponding surface is g we obtain g adjoint hypermultiplet matter in addition [22 



If over the base there are additional singularities we will get extra matter. Aspects of these 
were discussed in p3"|P}][]2"3|][|25||[rB . In particular the analysis of [Pc] shows that if we have 



an Ai singularity fiber which at some points gets enhanced to A2, what survives of the 
SU(3) in this fibration is SU{2) x U(l) and the corresponding adjoint is a hypermultiplet 
in the doublet of SU{2) and charged under the U(l). 

Let us now go back to the del Pezzo in view of this description. Consider the limit in 
which the del Pezzo has a large base [B] with small fiber. In this limit using the adiabatic 
arguments mentioned above we immediately deduce that we have an SU(2) x £7(l) fc_1 
gauge symmetry with k — 1 doublets of SU{2) charged under distinct £7(1) 's. Moreover 
going to the Coulomb branch of the SU{2) x U{l) k ~ l theory corresponds to resolving the 



4 Note that B n is an auxiliary space in the analysis, and is not contained in a Calabi-Yau. If 
we had an A n = C% + • ■ ■ C n fiber in a generalized del Pezzo inside a Calabi-Yau, the adjunction 
formula gives (Ci + . . . + C n ) ■ c\(ujg) = 2; but this is only possible for an ample class if n < 2. 



10 



generic Ax singularity of the fiber and resolving the k — 1 A<i singular fibers. We thus 
immediately identify the <p defined in the previous section (the size of the [Ai] fiber) with 
the Coulomb branch of SU(2) and the fa with the difference in Kahler class of the two 
P^s of the fiber over qi, which can also be identified with the mass parameters of the 
k — 1 doublets (since they are charged under the £/"(l)'s). We thus have an SU{2) gauge 
symmetric theory in its Coulomb branch with cf> as the expectation value of the scalar 
together with k — 1 doublets of mass fa. 

The bare coupling constant of SU{2) can be easily identified. Up to an overall rescaling 
it is proportional to the area of the base [B] of the fibration. This simply follows from the 
fact that the effective coupling in the five dimensional theory gets a volume factor from 
the internal space. Thus (up to a convention dependent normalization) we identify the 
577(2) coupling \ with 

1 fr 

% 

Note that in the limit of Ed small instanton the whole del Pezzo shrink to zero size and 
thus in particular \ = ks — » 0. One can also explain the running of the gauge coupling 
constant with respect to fa in a geometrical way. The easiest way to see this is to start 
from Bg, where the coupling constant does not run. Then each time there is a flop the 
coupling runs. This comes about geometrically as follows 0: There are interactions of the 
form 

J C IJK A I F J F k 

in the Calabi-Yau compactification of M-theory [^6| , where Cijk denote the triple inter- 
section of H4 classes and the A 1 are the gauge fields. Each time the CY undergoes a flop 
the classical interesection number in that class changes and gives rise to a new interaction 
of the form J AAFAF and by supersymmetry to an interaction of the form J <pF 2 || . In 
our case, consider the kahler class V dual to the del Pezzo B^ sitting in the Calabi-Yau. 
We have 

D ■ D ■ D = 9 - k 

Note that this Kahler class is responsible for shrinking the del Pezzo and in particular 
corresponds to changing of 0. This classical self-intersection thus induces an interaction of 
the form J (9 — k)<pF 2 which is responsible for the running of the coupling constant with <p. 
Each time there is a flop the value of k changes and the dependence of the gauge coupling 
on (f) also changes accordingly. 

We have thus reproduced all the expected gauge theoretic properties of the small E% 
instantons (k ^ 1) in the del Pezzo setup. As mentioned before for the case of k = 1 case 
we have two choices of del Pezzo and there seems to be a puzzle of which one we get in 
the probe theory. We return to this point in section 5. 
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3.1. Physics of generalized del Pezzos 

As discussed before there are cases in the compactification of M-theory on Calabi-Yau 
where the 4-cycle that shrink is not a smooth del Pezzo, but what is called a generalized 
del Pezzo. We gave a few examples of it in the previous section. It would be interesting 
to unravel the physics of them as one might expect that they lead to new fixed points of 
quantum field theories in 5 dimensions. These may lead to new physics which may not 
even be seen by a D4-brane probe in the simple set up we have. For instance if we consider 
example 3 in section 2.2, from the above considerations we expect to have an SU(3) gauge 
theory fixed point at infinite coupling with no matter (there is a mathematical no-go 
theorem that suggests that SU(3) with fundamental matter cannot lead to an interesting 
fixed point at infinite coupling). The example 2 of section 2.2 seems to correspond to SU(2) 
with 4 fundamentals because it corresponds to an A\ fibration over P 1 where at four points 
we have A2 fibration. However as discussed before one of the A2 fibers meets the base at a 
singular point, suggesting something extra happens to one of the fundamentals. It would 
be interesting to unravel the physics of this extra singularity. The example 1 of section 
2.2 does not admit a fibration description, so there is no non-abelian gauge symmetry 
description of this fixed point. This is similar to the P 2 case. 



4. D n instantons versus E n instantons 

Implicit in the D-brane discussion is the fact that the small SO (32) instanton and the 
small E n instanton, after compactification on S , are the same object in different regions of 
moduli space. The D4-brane which was argued to describe a small E n instanton is simply 
the T-dual of the small 50(32) instanton, a D5-brane in type I theory. In particular the 
gauge symmetry SU(2) and the matter content was deduced in this way. Any truly novel 
physics of small E n instantons will appear in the limit of infinite coupling on the D4-brane, 
as described in ||. 

This equivalence bears some analogy to the example of tensionless strings associated 
with degenerating two-cycles in type lb theory. After compactification on S , these are 
the T-duals of the massless gauge bosons of type la theory. One might conjecture that 
such a relation between non-critical low energy string theories and more conventional field 
theory is general. 

Since the relation between E n and D n has not been discussed explicitly, it may be 
worth following it in more detail. We first recall how the two heterotic strings are contin- 
uously connected P7| , ^S| . Start with £0(32); in the compactification the gauge symmetry 
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is SO (32) x U(l) 2 . By turning on a Wilson line, one can break this to a subgroup such as 
>SO(14) 2 x U(l) 4 , and by varying the Wilson line continue to a point with E s x E$x U(l) 2 . 

Since there is an unbroken SU(2) throughout the process, one can follow the small 
instanton of the 50(32) theory, to produce a small instanton of the E$ theory, which 
implies that the two objects are the same. Indeed there is no quantum number in the five- 
brane solution of []29| available to distinguish them - the only possible distinction could be 
the embedding of SU (2) in the gauge group, and one can check that this process produces 
an instanton with the same (minimal) embedding of SU(2). 

This leads to a bit of a paradox, as it implies that all of the strange physics of the 
Eg small instanton should be implicit in the rather tame-looking SO (32) small instanton. 
This is essentially the same paradox that appeared in the early discussion of heterotic - 
type I duality. Duality requires that the heterotic string world-sheet physics responsible 
for gauge symmetry enhancement to Eg be present in the type I string. Since it is true for 
any value of the heterotic string coupling including strong coupling, it must be visible at 
weak type I coupling, which naively rules out the possibility of solitonic states becoming 
light. 

The resolution was that type I perturbation theory still breaks down, due to a failure 
of the dilaton tadpoles from the disk and HP 2 to cancel in winding sectors. This effect 
becomes important as the type I compactification radius becomes small, and indeed the 
region of heterotic string moduli space with enhanced gauge symmetry always maps into 



this regime [[121 . The resulting physics is much clearer in the T-dual picture, where the 
dilaton becomes strong at a fixed point of the orientifold, but in principle all of these effects 
could be translated back to the original type I picture. For example, the DO-branes which 
became the gauge bosons of Eg gauge symmetry in fpT3[| , correspond to type I heterotic 
solitons wrapped around a small circle. 

Thus, the statement is that -D n -i gauge symmetry in either theory can be promoted 
either to D n or to E n by tuning different parameters. In the type I' description, D n is 
achieved by bringing another D8-brane to the boundary, while E n is achieved by going 
to infinite coupling on the boundary. A zero size instanton which is present will gain the 
additional massless states of D n or E n global symmetry, and the corresponding additional 
dimensions on its Higgs branch, thanks to the same physics. 

The case of -D5 = E$ symmetry is an interesting illustration. The theory (at one 
boundary) has manifest SO(8) x U(l) 2 gauge symmetry, which can be enhanced to 
SO(10) x U(l) in two ways. If another 8-brane is brought to the boundary, stretched 
open strings in vector multiplets come down, producing 45 = 28o + lo + 8^,1 + 8 U) _i. On 
the other hand, by adjusting parameters to take the strong coupling limit at the boundary, 
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DO-branes become massless, charged under a different U(l), and with fermion zero modes 
(from 0-8 strings) in the vector of 50(8). Quantizing these puts the 0-branes in spinor 
representations of SO(8), to produce 45 = 28o + lo + 8 Sj i + 8 Cj _i. 

The global symmetry on the D4-brane is also enhanced. Electrically charged matter 
Qi from the 4-8 strings transforms in the vector of SO(8), and in the -D5 case becomes 
the vector of £0(10). In the E$ case, since the 4-brane gauge coupling is strong, it is only 
sensible to consider gauge singlet operators, such as the bilinears QiQj in the adjoint of 
SO(8). These must be joined by 0-brane - 4-brane bound states to fill out the adjoint of 
50(10) , and the simplest way this could work is if each 0-brane which appeared as a gauge 
multiplet can also appear as part of a unique multiplet of 0-4 bound states. The same 
story could account for E n global symmetry, and it would be quite interesting to check it 
against precise results for 0-4 bound states. 

Additional 4-brane BPS states are predicted in and it might be even more 

interesting to identify these, as some of them are singlet under the E n symmetry, and thus 
need not involve DO-branes. 

The continuous connection between the D5-brane and the D4-brane appears to require 
string theory, but this is not incompatible with the idea that the non-trivial physics of the 
D4-brane and the origin of the E n massless states has a purely field theoretic explanation. 
The DO-branes of the string description would be equivalent to instantons of the five- 
dimensional gauge theory. 

5. Fi versus P 1 xP 1 and a discrete 9 angle 

The detailed agreement between the del Pezzo description and the gauge theory de- 
scription for every other case leads us to return to the puzzling example of the surfaces IFi 
and P 1 x P , and try to understand this in gauge theory terms. 

Both surfaces can be realized by flopping a P 1 in B2, so let us describe the choice 
which distinguishes them. In general, we can flop any of the exceptional curves, and since 
all of them are related by the Weyl group, the result is the same. But for B2, the curves 
E2 and I — E\ — E2 are not so related. Since is the size of the A\ fiber £ — E±, and 
<pi is the size of I — E\ — 2E2, the two exceptional curves correspond to states with mass 
(0-00/2 and (0 + 0i)/2. 

Thus, the mathematics appears to be telling us that the definition of pure SU{2) 
supersymmetric gauge theory in five dimensions involves a subtle two-valued choice, which 
upon adding massless matter becomes vacuous. Starting from the theory with one matter 
multiplet, we can recover the pure gauge theory by taking its bare mass to infinity, but we 



14 



will get different results depending on whether we take it to positive or negative infinity 
(relative to the sign of <fi; of course an SU (2) gauge transformation flips the sign of all fa 
and fa). 

This is very reminiscent of the way the 9 angle in d = 4 gauge theory becomes vacuous 
in a theory with massless fermions, and is affected by the phase of the fermion mass terms. 
Thus we ask whether d = 5 SU (2) gauge theory admits a Z 2 -valued 9 angle. 

Just as the 9 angle in d = 4 weighs gauge field configurations by expz6>n with n the 
instanton number in tts(SU (2)), a Z 2 9 angle in d = 5 will exist if it^SU (2)) = Z 2 . Indeed 
this is true, and we identify this 9 angle as the two-valued choice. 

We next need to understand its relation to a fermion mass m. In d = 4 this was a 
consequence of the axial anomaly. To use an argument which generalizes to the discrete 
case, it follows from the existence of 2nk fermion zero modes in the n-instanton sector, 
requiring nk insertions of the mass term mi\)i\) for a non-zero amplitude, and weighing this 
sector by m nk . 

Now, a known consequence of the fact that 7T4 L (SU(2)) = Z 2 is the global anomaly in 
d = 4 SU{2) gauge theory with an odd number of fermion doublets ||3U|| . This is a sign 
ambiguity in the fermion determinant (detlp) 1 / 2 under a global gauge transformation U 
in the non-trivial class of Ti4 : {SU{2)). In ||3U|| , this ambiguity was exhibited by finding a 
non-trivial path in configuration space connecting a gauge field configuration with the 
configuration gauge transformed by U, and showing that an odd number of eigenvalues of 
the Dirac operator will change sign along the path. Such a path defines a five-dimensional 
gauge field in the non-trivial class of 7r 4 (5'L r (2)), and this is equivalent to the statement 
that the mod two index for the five dimensional Dirac operator will be odd in this field 
configuration. 

This fact also implies that in our five dimensional theory, changing the sign of a single 
fermion mass will flip the 2 2 theta angle. Each 8-brane and its image comes with a half- 
hypermultiplet in the (2,2) of SO{2) x SU(2), corresponding to two Weyl doublets in 
the d = 4 theory (we know that the d = 4 reduction is non-anomalous), and a fermion 
determinant det(lp + m), defined unambiguously by combining the fermions into a single 
Dirac fermion. The operator Jj) is real antisymmetric and in a sector with k fermion zero 
modes, the determinant is a product over eigenvalues 

det(lp + m) =m k JJ(Ai + m)(Xi - m), 

proving the result. We thus find that the moduli space of five dimensional gauge theory 
mirrors the moduli space of del Pezzo surfaces in every detail. 
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Now that we have shown that the distinction between IFi and P 1 x P 1 is a distinction 
between two different SU (2) gauge theories, let us discuss the difference between the 
physics of the two cases. The main difference is that whereas P 1 x P 1 can only be shrunk 
to zero volume in a single way, Pi has two independent parameters. In particular, it admits 
a final flop, down to P 2 . Geometrically the membrane wrapped around the exceptional 
divisor becomes massless at this point, which implies that for -\ = c(f) we have a massless 
hypermultiplet BPS state with charge 1 under the U(l). Beyond this point the running of 
the coupling should change, as discussed before, to 1/g 2 ~ const. — 9<p. Moreover beyond 
this point we do not have any fiber space description which implies that even at <fi = 
we do not have the massless bosons. This suggests that after the last flop the 
become unstable. 

The appearance of a new massless charged BPS state in the pure SU (2) gauge theory 
at finite coupling is somewhat surprising and deserves explanation. Since the BPS mass 
formula for this state involves 1/g 2 , this must be a bound state involving a DO-brane (or 
instanton). Indeed the total charge is that of a bound state with the massive SU(2) gauge 
boson, and the positive instanton mass 1/g 2 is being canceled by an opposite sign central 
charge for the W boson. At this point the become marginally unstable to decay into 
the instanton BPS state and the new hypermultiplet, and the geometry as well as the 
running of the coupling beyond the transition indicate that they become unstable. 

The point in S 1 /~Z-2 where the bound state becomes massless is not associated with 
any feature of the background, and this might be thought to be a contradiction to the 
general 'probe' philosophy pl|j3^ , |33| , |3^] that gauge dynamics on the brane must reproduce 
the background fields, in this case the dilaton. Now for the discrete 6 angle corresponding 
to P 1 x P 1 , the probe philosophy works. Furthermore, we can take several probes and 
take some of them through the orientifold point from <p to —(f), thus choosing independent 
9 angles for each. Thus we would associate the Pi dynamics not to a difference in the 
background but rather with a choice made on the 4-brane which makes it not act as a 
probe. One might entertain other interpretations and perhaps more can be said about this 
issue. 

A comment which may make the result more palatable than it seems at first is that 
similar results are implied by the global symmetry in the Nf > 1 cases. The Weyl group 
of the full enhanced symmetry will act on the moduli space and spectrum, and exchange 
points of moduli in the gauge theory parametrization which do not seem to look like 
symmetries of the perturbative spectrum. As discussed before the resolution is that under 
the Weyl group the perturbative states mix with non-perturbative solitonic objects in the 
field theory language, i.e. BPS instanton DO-branes. Our present discussion of the flop to 
Pi is just the simplest manifestation of this. 
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6. Discussion 

We found agreement between two descriptions of the Coulomb branch for E n zero size 
instantons in five dimensions, one provided by F-theory and M-theory on a Calabi-Yau 
containing a degenerating del Pezzo surface || , the other provided by the five-dimensional 
gauge theory physics of D4-branes in type I' theory [Q . We also found hints of new five- 
dimensional fixed point theories, for which we do not know of a D-brane description, by 
considering generalized del Pezzos. 

We also discussed some general properties of the Higgs branch of the gauge theory, 
describing the true small instantons. For example, we saw that the D n and E n+ i small 
instantons are continuously connected, and the symmetry enhancement of the infinite cou- 
pling limit is associated with additional 0-brane (or instanton) states becoming massless. 
Their associated fields provide the additional parameters of E n+ i instanton moduli space, 
which enter on an equal footing with the D n parameters. 

Even though many aspects of the physics associated with small E n instantons can be 
captured by gauge theory dynamics, one should keep in mind that this is at a fixed point at 
infinite coupling, and thus the spectrum is not evident from this description. The under- 
lying dynamics of the theory remains somewhat mysterious. For example, the geometric 
description predicts a tensionless string in five dimensions, from a 5-brane wrapped around 
the vanishing 4-cycle [[|. This string will be as relevant as all the massless particle states 
coming from membranes wrapped around 2-cycles inside the del Pezzo. On the other hand, 
the origin of this string in the gauge theory is the 't Hooft-Polyakov monopole solution || . 
As SU (2) is restored, it might be thought that this solution would delocalize and should 
not be considered part of the spectrum, but this is at finite coupling. It is consistent with 
what we know so far to imagine that at the non-trivial fixed point, it remains in the theory. 

It remains to develop effective ways to discuss the physics at the fixed point. In 
this regard it is tempting to conjecture, given that p- — > that we are left with a pure 
N = 1 Chern-Simons theory in 5 dimensions. This suggests that the relevant aspects of 
the fixed point may be captured by a topological super symmetric Chern-Simons theory in 
5 dimensions. 

The situation will change when one compactifies one more dimension. In this case 
the formal scaling arguments suggest that the leading massless modes are particles and 
there should be a more conventional field theory description. This is in fact supported 
by the recent study of this case |7|]. We will be very brief here and only point out some 
basic features relevant for further study. In this case it is natural to consider the F-theory 
compactification on K3 |ll|] and study a 3-brane probe following [^5j|33| , |36| ,p7| . It may 



appear that we will see a clash between the del Pezzo description and the 3-brane probe 
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behavior near an £^,7,8 enhanced gauge symmetry point. We expect from [BB| that the 



corresponding gauge coupling r on the probe is at fixed but finite values (at the fixed points 
of SX(2, Z) elements of order 3,4,6). However the type IIA description on a CY 3-fold 
with a zero size del Pezzo, which is what we obtain after compactification of M-theory on 
circle, might seem to lead to infinite coupling as before. 

We believe the resolution of this puzzle may be that for type IIA (unlike the M- 
theory case), because we have corrections to the volume of Calabi-Yau due to worldsheet 
instantons,i at the transition point the quantum volume of the base (together with the 
.B-field) will not be zero but instead be given by the fixed point values of r predicted 
by H36[ - This will be very interesting to study. In particular the results of should be 
derivable by using mirror symmetry acting on del Pezzo (along the lines of the appendix 
in!). 
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